ABSTRACT In the foundation of uncertainty theory, uncertain stock model has been put forward to portray the price fluctuation of stocks in a market with uncertain information. In this paper, the model is depicted by uncertain differential equations involved by a Liu process that is a sequence of uncertain variables varying with time. According to this model, we mainly investigate the formulas to price the American barrier option for rights of buying or selling the stock with a set price in the uncertain financial market. Then, four new types of concepts are introduced that are, respectively, American call options, including both up-and-in and down-and-out, and American put options, including both down-and-in and up-and-out. Moreover, several formulas are derived for giving the price of the corresponding four types of options. At the same time, some examples are given.
I. INTRODUCTION
Brownian movement was firstly found in 1820s by Brown who is the Scottish botanist Robert. Then in 1923, Wiener [21] defined a mathematical concept of Wiener process to depict the Brownian motion formally. In fact, Wiener process is a special category of random process whose increments are independent with each other and identically distributed. With mentioning the Wiener process, Ito built stochastic calculus and put forward the theory concerning stochastic differential equation in [6] , [7] . Following that, geometric Wiener process was considered by Samuelson [17] , [18] as an effective tool to depict the change of stock prices. Then the stock price was independently investigated by Black and Scholes [1] and Metron [15] through applying random differential equation involved by Wiener process, where a famous option pricing formula named Black-Scholes was derived. From then on, the stock price was dealt with several other kinds of stochastic differential equations, which produced diverse option pricing formulas.
In real life, human uncertainty was concerned by many scholars, which is epistemic uncertainty and different from random factors. For disposing of the uncertainty of human beings, uncertainty theory was introduced in [8] , [10] with
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presenting four axioms including normality axiom, duality axiom, subadditivity axiom and product axiom, which indicates that it is a normal axiomatic system in mathematics. In this theoretical framework, uncertain measure was employed to model the degree of belief and uncertain variable was applied to depicting uncertain quantities. The couple of definitions of the uncertainty distribution and the expected value operator were defined in [8] to be applied to describing and ranking uncertain variables respectively. Until now, the uncertain theory has been developed as an almost perfect mathematical system and employed as a tool to investigate numbers of problems, such as uncertain reliability (Gao and Yao [5] , Liu [12] ), uncertain programming (Wang et al. [20] ), and uncertain portfolio selection (Qin [16] ).
Sometimes uncertainty always varies over time. For dealing with this kind of phenomena, Liu gave a definition of uncertain process in 2008 in [9] . Similar to uncertain variable, uncertainty distribution concerning uncertain process was proposed to give it a direct description in [14] . At the same time, it is proved by Liu [14] what kind of functions could be uncertainty distributions of uncertain processes. Then, the definition of independence was presented relative to for a sequence of uncertain processes, and operational laws for independent uncertain processes were put forward by using uncertainty distributions or inverse uncertainty distributions in [14] . Based on independence, Liu [9] defined a special process called stationary and independent incremental process, where its increments are independent with each other and possess identically uncertainty distributions (i.i.d.). Here, if the increments are i.i.d. uncertain normal variables, then this stationary independent increment process is called Liu process (see [10] ). On the basis of Liu process, Liu [10] constructed uncertain calculus for disposing of the differential and integral relative to the uncertain processes.
On account of development of uncertain calculus, Liu constructed uncertain differential equation firstly in [9] that is a kind of differential equations involving with a Liu process. Next, Chen and Liu [3] took the lead in discussing its analytical solution. Due to some of differential equations without having analytic solution, so the numerical solution attracted lots of attention. For example, Milne method was employed by Gao [4] to devise an algorithm to obtain the numerical solutions for these uncertain differential equations. With the establishment and perfection of uncertain differential equation theory, we found that it could be a valid tool to be applied to financial markets with uncertain factors [22] . Hence, a kind of uncertain stock model was proposed in [10] by the aid of uncertain differential equations to portray the varying tendency of stock price, where several pricing formulas of European option were derived. Moreover, Chen [2] investigated American options of Liu's model of uncertain stock and proved several pricing formulas for corresponding options. Then Asian option of uncertain stock model was studied by Sun and Chen [19] and their pricing formulas were derived.
Pricing problem of option is the crux of modern finance. Among several types of options, the American option wins great recognition from numerous investors due to the flexibility in regard to exercising time. Then, we will consider the American barrier option for a stock modeled by uncertain differential equation, and the pricing formulas of corresponding options are going to be proved in this article. The reminder of the article is arranged as follows. Section 2 is going to be applied to reviewing some pivotal concepts and key properties in regard to the uncertain variables, uncertain processes and uncertain differential equations. In Section 3, we are going to discuss the American knock-in option including up-and-in and down-and-out, and pricing formulas for both scenarios are derived by strict deductions. In Section 4, the American knock-out option will be investigated including up-and-out and down-and-in. Similar to Section 3, pricing formulas for the above both scenarios are derived by strict deductions. At last, we summarized briefly in Section 5.
II. PRELIMINARIES
In this part, lots of basic definitions and key properties are introduced relative to the uncertain variable, the uncertain process, and the uncertain differential equation.
Assume that is a set that is nonempty, and assume that L is a σ -algebra on , where any element taken from L is regarded as an event. Then we assign a number M{ } to interpret the degree of human belief that the event may occur. For coping with belief degrees rationally, three axioms were proposed in [8] 
holds for any denumerable sequence of events 1 , 2 , · · · .
Definition 1 (Liu [8] ): If M is an set function and satisfies normality axiom, duality axiom and subadditivity axiom, then it is called an uncertain measure.
Theorem 1: If M is the uncertain measure, then it is a monotone increasing set function, i.e., the following inequality
is tenable for any events 1 and 2 if 1 ⊆ 2 .
We call ( , L, M) an uncertainty space. Then Liu [10] 
Definition 2 (Liu [8] ): If ξ is measurable from ( , L, M) to a real number set, i.e., the following set {ξ ∈ B} = {γ ∈ |ξ (γ ) ∈ B} is an event for each real Borel set B, then ξ is called an uncertain variable.
Definition 3 (Liu [8] ): An uncertainty distribution of the uncertain variable ξ is defined as
Definition 4 (Liu [10] ): An uncertain variable sequence of ξ 1 , ξ 2 , · · · , ξ n is regarded to be independent mutually if
Theorem 2 (Liu [11] ): Suppose that uncertain variables ξ 1 , ξ 2 , · · · , ξ n are independent respectively possessing uncertainty distributions 1 , 2 , · · · , n which are regular. If there is a function f (x 1 , x 2 , · · · , x n ) which is increasing strictly concerning x 1 , x 2 , · · · , x m and decreasing strictly concerning x m+1 , x m+2 , · · · , x n , then
possesses the following inverse uncertainty distribution which is
Definition 5 (Liu [8] ): Assumed that ξ is an uncertain variable. Then ξ owns an expected value defined by the following formula
under condition that one of the two integrals is finite at least.
Theorem 3 (Liu [8] ): Suppose that ξ is an uncertain variable owning uncertainty distribution , and supposed that its expected value exists. Then the expected value can be expressed as
Providing is regular. Then its expected value is
Definition 6 (Liu [9] ): Assumed that ( , L, M) is the uncertain space, and assumed that set T is totally ordered. If function X t is measurable from T × ( , L, M) to a real number set, i.e., for arbitrary given t, {X t ∈ B} is an event for any real Borel set B, then we say X t an uncertain process.
Definition 7 (Liu [10] ): The uncertain process C t is regarded to be a Liu process, supposed that (i) its initial value is 0, i.e., C 0 = 0, and all of its sample paths are Lipschitz continuous almost,
(ii) the increments of C t is independent and stationary, (iii) each increment C s+t − C s obeys normal uncertain distribution whose expected value is 0 and variance is t 2 such that its uncertainty distribution is
Definition 8 (Liu [9] ): Supposed there is a Liu process C t and continuous functions f and g. Then for any given initial value X 0 ,
is said to be an uncertain differential equation with X 0 .
Definition 9 (Yao and Chen [23] ): Let
be an uncertain differential equation with initial value X 0 . Suppose that X α t for any given α is the solution of the corresponding equation
Then the deterministic function X α t with respect to t is the α-path (0 < α < 1) of Equation (1) .
Theorem 4 (Yao and Chen [23] ): Assumed that both f (t, x) and g(t, x) are continuous and assumed that X α t is the α-path of the following equation
Then we get
By the aid of Theorem 4, we derived many properties of α-path. Chen and Yao [23] firstly verified that X s owns an inverse uncertainty distribution
III. KNOCK-IN OPTION
This section is employed to discuss a kind of barrier options, knock-in option. Actually, the knock-in option signifies that only when market prices of underlying assets arrival at a point of trigger L can the option be activated and the right is valid of buying or selling the stock according to striking price in the option on any time before the maturity date. Moreover, the pricing formulas of knock-in options are also derived in this section.
Next, a characterized function is defined as follows for being applied into the main results.
where the given number L denotes a trigger point. We first discuss the up-and-in option. That is, can the option become valid only at the time of market prices of underlying assets starting below a point of trigger L and then moving up before the maturity time. Consider an American call option of up-and-in type whose strike price is K . Here, T is the expiration date and L represents the point of trigger for some stocks in an uncertain finance market. The uncertain stock model depicted by an uncertain differential equation as follows
where X t is used to denote the bond price, Z t is used to represent the stock price, C t is applied to representing a Liu process, r is applied to denoting the interest rate without risk, and v and u respectively indicate the diffusion and drift. Next, we set f c ui as the price of contract. That is, the contract is sold to the investors with a price of f c ui at initial time 0. Thus, the investor has a payoff whose current value is
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For the bank, he obtains f c ui at initial time 0 from selling the contract. In addition, he has a loss of money with present value at time 0 as follows
Hence, at initial time 0 the bank possesses a net return which is
For buying and selling smoothly of the contract by the investor and bank respectively, we should set an impartial price for this option contract. For both the buyer and the seller receiving a uniform expected return, we have
which predicates that the expected current value of payoff is just the American up-and-in call option price. Definition 10: Supposed that the contract of an American call option of up-and-in type, has a strike price K , a point L of trigger and a maturity time T , respectively. Then the following expected value
is the price of the American up-and-in call option.
Theorem 5: Suppose that the contract of an American call option of up-and-in type has a strike price K , a point L of trigger and a maturity time T , respectively. Thus the price of this American call option of up-and-in type is determined by
Proof 1: At first, we certify that the inverse uncertainty distribution of the following uncertain variable
and
according to Theorems 1 and 4. Following duality axiom, we derive
It follows from Equations (3)- (5) that
which indicates that the uncertain variable
owns an inverse uncertainty distribution
From Theorem 3, we have
Moreover, the equation
holds if and only if for any t
holds. Thanks to Z 0 < L, (6) equals to
Hence, the formula for American up-and-in call option pricing is derived as
Thus the proof is finished. Figure 1 , we directly obtain that f c ui is monotonously decreasing with respect to L providing the other parameters are unchanged.
Secondly, we will study down-and-in option. In this scenario, can the option be activated only at the time of market prices of underlying assets starting up a point of trigger L and then moving below before the maturity time. Consider an American put option of down-and-in type whose strike price is K . Here, T is the due date and L denotes the point of trigger for stocks in an uncertain finance market. And the uncertain stock model is also described by (2) . Set f p di as the price of contract. In other words, investors should pay f p di at initial time 0 to buy the contract for getting the right of selling or buying the stock at the strike price. Therefore investors obtain a payoff whose present value is
Thus at initial time 0, investors have a net return as follows
From the standpoint of bank, he can receive f p di at initial time 0 from selling the contract. While he may have a loss whose present value at time 0 is
Hence, at initial time 0 the bank possesses a net return that is
For buying and selling smoothly of the contract by the investor and bank respectively, we should set an impartial price for this contract. For both investors and banks receiving a uniform expected return, we set
which indicates that the expected current value of the payoff of buyers is just the price of American put option of downand-in type. Definition 11: Assumed that the contract of an American put option of down-and-in type has a strike price K , a point L of trigger and a maturity time T , respectively. Then the following expected value
is the price of the American down-and-in put option. Theorem 6: Assumed that the contract of an American put option of down-and-in type has a strike price K , a point L of trigger and a maturity time T , respectively. Then the price of this American down-and-in put option is determined by
Proof 2:
At first, we certify that the inverse uncertainty distribution of the following uncertain variable
Due to
It follows from Equations (7)and (9) that
which implies that the following uncertain variable
holds. Thanks to Z 0 ≥ L, Equation (10) equals to
which suggests that
Therefore, the pricing formula of the American down-and-in put option is derived as
Thus the proof is finished. In Figure 2 , we directly obtain that f p di is monotonously increasing with respect to L providing the other parameters are unchanged.
IV. KNOCK-OUT OPTIONS
This section is employed to investigate the knock-out option, a type of barrier options. In fact, the knock-out option signifies that only when the market prices of the underlying assets touch arrival at the trigger point L can the option be void. That is, the right is void of buying the stock at the strike price in the contract on any time before the maturity time for investors. Additionally, the pricing formulas of knock-out options are also derived in this section including down-and-out and up-and-out.
We first study the up-and-out option. In this scenario, can the option become invalid only at the time of market prices of the underlying assets starting below a point of trigger L and then ascending before the maturity time. Consider an American put option of up-and-out type which possesses a strike price K . Then we use L to represent an trigger point and use T to denote an due date for the stock in an uncertain finance market. The uncertain stock model is defined by (2) . Next, we set f p uo as the price of option contract. That is the contract is sold to the investors with price f p uo at initial time 0. Thus the investor has a payoff whose corresponding present value is
Then at initial time 0, the investor has a net return as follows:
From the aspect of bank, he can receive f c uo at initial time 0 from selling the contract. While he should undertake the loss which has a corresponding present value as follows
Hence, at initial time 0 the bank has a net return which is
For buying and selling smoothly of the contract by the investor and bank respectively, we should set an impartial price for this contract. For both the investor and the bank obtaining a same expected return, we have
which signifies that the expected current value of payoff is just the price of the American put option of up-and-out type. Definition 12: Suppose that the contract of an American put option of up-and-out type has a strike price K , a trigger point L and a maturity time T . Then the following expected value is
is the price of American up-and-out put option.
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Theorem 7: Suppose that the contract of an American put option of up-and-out type has a strike price K , a trigger point L and a maturity time T . Then the price of this American upand-out put option is determined by
Proof 3:
We first prove that the inverse uncertainty distribution of the following uncertain variable
according to Theorem 1 and Theorem 4. Following duality axiom, we derive
It follows from Equations (11)- (13) that
owns an inverse uncertainty distribution as follows
holds. Thanks to Z 0 ≥ L, Equation (14) equals to
Therefore, the formula for American up-and-out put option pricing is derived as
Thus the proof is finished. In Figure 3 , we directly obtain that f p uo is monotonously increasing with respect to L providing the other parameters are unchanged. Secondly, we will investigate down-and-out option. In this scenario, can the option become void only at time of market prices of the underlying assets starting up a point L of trigger and descending before the maturity time. Consider an American call option of down-and-out type whose strike price is K . Then T is applied to denoting a due date and L is employed to represent a point of trigger for stocks in an uncertain finance market. And the uncertain stock model is depicted by (2) . Next, we set f c do as the price of contract. That is, investors should pay f c do at initial time 0 for buying the contract to get the right to sell the stock at the strike price. Therefore, investors obtain a payoff whose corresponding present value is
Thus, at initial time 0 the investor has a net return as follows
For the bank, he can receive f c do at initial time 0 from selling the contract. While he has to undertake the loss which has a present value at initial time 0 as follows
Hence, at initial time 0, the bank has a net return which is
which signifies that the expected current value of payoff is just the price of the American put option of down-and-out type. Definition 13: Assumed that the contract of an American call option of down-and-out has a strike price K , a point L of trigger and a maturity time T , respectively. Then the following expected value
is the price of the American call option of down-and-out type.
Theorem 8: Assumes that the contract of an American call option of down-and-out type has a strike price K , a point L of trigger and a maturity time T , respectively. Then the price of this American call option of down-and-out type is determined by
Proof 4:
We first certify that the inverse uncertainty distribution of the following uncertain variable
Due to In Figure 4 , we directly obtain that f c do is monotonously decreasing with respect to L providing the other parameters are unchanged.
V. CONCLUSION
In this paper, we mainly discussed the American barrier option of the model of uncertain stocks with indeterminate factors. For such an uncertain stock model, we presented four types concepts of American call options including both up-and-in and down-and-out types, and American put options including both down-and-in and up-and-out types. In addition, we strictly proved pricing formulas for computing the corresponding options.
